In this paper, we have studied the Joule-Thomson expansion of a specific black hole in f (R) gravity coupled with Yang-Mills field. Firstly, 4-dimensional equation of state and the Joule-Thomson coefficient were derived from thermodynamic quantities, the critical temperature and the inversion temperature were obtained, and the isenthalpic curves and the inversion curves have plotted in the T − P plane. Then, by considering the higher dimensions black hole, the inversion temperature was obtained, the isenthalpic curves and the inversion curves also were plotted, and the effect of nonlinear term η and dimension for the Joule-Thomson expansion is demonstrated visually by depicting different curves. Finally, we compared the ratio of the inversion temperature to the critical temperatures with the van der Waals fluid and other black hole, which the ratio is not equal to 0.5, and the dimension changes, the ratio also changes. * email: gpliphys@yeah.net
I. INTRODUCTION
As we all known, the research on the thermodynamic system of black holes in general relativity is analogous to the general thermodynamic system in classical physics. The research is based on the four hypotheses of thermodynamics, the zero law and three other laws.
Hawking first proposed black hole temperature [1] , it means that the black holes can radiate particles near the event horizon through gravitational interactions. This conclusion makes it very important to study the thermodynamic systems of various types of black hole solutions in general relativity. Subsequently, the thermodynamic properties of the black holes have been widely studied [2] [3] [4] . Because of the AdS/CFT correspondence, people have been interested in AdS black hole, and its thermodynamic properties have always been investigated. Hawking and Page have been pioneered research the thermodynamic properties of the Schwarzschild-AdS black hole [5] , Chamblin has studied the first-order phase transition of the charged RN-AdS black hole [6, 7] . Subsequent studies found that the AdS black holes behave like the van der Waals fluids when they contain charge/rotating [8, 9] .
Recently, when studied the thermodynamic properties of AdS black holes, it has been found that the cosmological constant can be considered as the thermodynamic pressure, and conjugate variables as the thermodynamic volumes, which can be used to analogize the charged AdS black holes with the van der Waals gas-liquid systems [10] . At the same time, the change of the cosmological constant is included in the first law of black hole thermodynamics [11] [12] [13] [14] [15] , which can make the first law of black hole thermodynamics consistent with the Smarr relation. And if the cosmological constant is taken as the thermodynamics pressure in the first law of thermodynamics, the mass of the black holes should be interpreted as the enthalpy. Based on these considerations, the thermodynamic properties of black holes in the extended phase space have been extensively studied by used the extended structure of thermodynamic phase space .
More recently, the Joule-Thomson expansion has been creatively extended to the charged AdS black holes byÖkcü and Aydyner [39, 40] . In classical thermodynamics, the Joule-Thomson expansion refers to the process of gas expanding from high pressure to low pressure through porous plugs, which is an isenthalpy process. Subsequently this creative work has been extended to all kinds of the black holes, such as d-dimensional charged AdS black holes [41] , quintessence RN-AdS black hole [42] , Holographic superfluid [43] , charged AdS black hole in f (R) gravity [44] , AdS black hole with a global monopole [45] , charged AdS black hole in Lovelock gravity [46] , Gauss-Bonnet black hole [47] , AdS black holes with momentum relaxation [48] , regular(Bardeen)-AdS black hole [49] , charged AdS black holes in Rainbow gravity [50] , Hayward-AdS black hole [51] .
In addition, one hopes to explain a number of cosmological problems covering dark energy, accelerated expansion and quantum gravity and many related matters, those leads to that the extension/revision of general relativity is very interesting. In particular, it shows that f (R) gravity is a extension of general relativity, and it is very important modification of Einstein's theory of gravity, it is modified by adding the higher power of scalar curvature R, Riemann tensor and Rich tensor or their derivatives by Lagrange formula, and it can be used to study the accelerated expansion of the universe [52] [53] [54] [55] . On the other hand, we know that the Yang-Mills field is one of the most interesting non-abelian gauge theory, which is used inside the nuclei with short range, the unified theory of weak interaction and electromagnetic interaction can be established by used Yang-Mills field, and this theory provides a powerful tool for studying strong interaction. By studying the string theory model, the Yang-Mills field equation under the low energy limit was found, and Yasskin found the first black hole solution in the theory of Yang-Mills coupled to Einstein theory [56] , this theory possesses hairy black hole solutions, whose metric is not a member of the Kerr-Newman type [57] .
Unlike the Kerr-Newman black holes, although only a few parameters are needed to study gauges and matter fields, the global charge measurable at infinite distances is not the only condition that determines the geometry of the horizon.
In this paper, there are two reasons why we consider the charged AdS black hole in f (R) gravity coupled with Yang-Mills field, one is the conformal invariance, the other is the nonlinear parameters contained in this black hole. Our starting point is the nonlinear Yang-Mills field, which is similar to the self-interacting scalar field defined in quantum field theory, and the Lagrange is an arbitrary function of the Yang-Mills invariant. In the previous research, one has been investigated the thermodynamic properties of the RN-AdS black holes in f (R) gravity [16, 44] , but when we consider the coupling of non-Abelian gauge field (Yang-Mills field) to f (R) gravity field, the effect of non-linear parameter on the Joule-Thomson of black holes is unknown. Therefore, it is meaningful to study the Joule-Thomson expansion of this kind of coupled black hole.
The paper is organized as follows: In Sec ??, we will briefly review thermodynamic problems in f (R) gravity coupled with Yang-Mills field. In Sec ??, we investigate the Joule-Thomson expansion of a special black hole in f (R) gravity coupled with Yang-Mills field in different dimensions. In Sec??, we discuss the conclusion. 
the function of Ricci scalar R constitutes f (R) and £(F ) is interpreted as lagrangian of the
Here the internal index (a) for the degrees of freedom of the non-abelian Yang-Mills field, and this nonlinear Yang-Mills field come from linear Yang-Mills field (£(F ) = − 1 4π F s ) for s = 1 and f R = df (R) dR = ηr in which η is a integration constant. By solving f (R) gravity for Einstein field equation coupled with Yang-Mills field, one can get the spherically symmetric metric is written as [58] 
where f (R) is only a function of r, and
In those equations Λ = − 1 l 2 , the M and the q are the AdS radius, the black hole mass, and charge of the black hole. One can obtain black hole event horizon as largest root of f (r + ) = 0. The mass of black hole in Eq.(5) is given by
and the expression for entropy is given by [58] 
whereA
The Hawking temperature of the black hole is calculated by
Then, the thermodynamic pressure in terms of the cosmological constant in the extended phase space [10] [11] [12] , i.e.
and the thermodynamic volume is
Moreover, one may consider that the black hole mass is a function of three thermodynamic variable, i.e. M ≡ M(S, P, q). The differential form of mass is
where with the quantity Φ = ∂M ∂q S,P , the generalized Smarr relation corresponding to the first law of thermodynamics of the black holes is
In the following section, we will investigate the Joule-Thomson expansion of this black hole.
III. JOULE-THOMSON EXPANSION OF A SPECIFIC BLACK HOLE IN f (R)

GRAVITY COUPLED WITH YANG-MILLS FIELD
In this section, we will discuss the Joule-Thomson expansion of a specific black hole in f (R) gravity coupled with Yang-Mills field, and will investigate on different dimensions.
A. The Joule-Thomson expansion
The Joule-Thomson expansion is one of the classical physical processes describing the temperature change of gas from high pressure to low pressure irreversibly through a porous plug or valve. It is mainly describe the process of gas expansion, the process of temperature decrease is called the cold effect/positive effect, the temperature rise is called the heat effect/positive effect, and the enthalpy remains constant during the expansion process in the extended phase space. Based on these properties, one can obtained the Joule-Thomson
The cooling-heating regions can be determined by the sign of Eq. (13) . Because the pressure always decreases during expansion, the increase or decrease of temperature affects the sign of µ, which the change of temperature is positive (negative) µ is negative (positive) and so gas warms (cools). In the extended phase space, we compare the black hole system to a van der Waals fluid system with a fixed number of particles, where consider canonical ensemble with fixed change q. The Joule-Thomson coefficient is given by [39] 
and setting µ = 0, we can obtain the inversion temperature, i.e. 
One can obtain black hole event horizon as largest root of f (r + ) = 0, and the mass of black hole in Eq. (16)
.
According to the expression of temperature Eq.(18), we can get the equation of state
The critical points obtained from [59]
which leads to
From Eqs. (17) and (18), the pressure P can be written as a function of P (M, r + )
the temperature T can be written as a function of T (M, r + )
According to Eqs. (22) and (23), we shown the isenthalpic curves of this black hole in the T − P plane.
In Fig.(1) , the isenthalpic curves increases with the increase of the mass M when the charge q is a definite value, and it also decreases with the increase of the charge q when the mass M is a definite value. However, the temperature T does not show monotonicity, which is increases/decreases with the change of the pressure P , and reverses at the highest point. The temperature corresponding to the inversion point can be called the inversion temperature. We consider the Joule-Thomson expansion to determine the hot and cold region and the inversion temperature.
According to Eq.(13), we can obtain
Bring Eqs. (22) and (23) Setting µ = 0, we can get − 21q 3/2 + ηr 2 + (5 + 96P i πr 2 + ) = 0,
and solve this equation for r + gives us four roots but only one root is physically meaningful, other roots are complex or negative. A positive and real root is
where the pressure P i is the inversion pressure. Then substituting the root into the temperature expression (18) , one can obtain the inversion temperature T i . At the same times, we can also plot the inversion temperature curves in the T − P plane, as shown in Fig(2) .
In Fig.(2) , the inversion curves of a specific black hole in f (R) gravity coupled with Yang-Mills field are presented for various values of the charge q and the parameter η. We find that the inversion temperature of a given pressure increases with the increase of q. However, the parameter η influence is different, which the inversion temperature decreases with the increase of η. On the other hand, we compare the inversion curve of this black hole with the inversion curve of the van der waals fluid, which is find that only a lower area and is an open curve, it means that the cooling region of this black hole is above the inversion curve on the Joule-Thomson expansion process. 
The ratio between the minimum inversion temperature and the critical temperature is given by
When d = 5, the metric function f (r) is given by Eq.(5)
the equation of state is
According Eq. (20), one can get RN − AdS 0.5 [39] Kerr − AdS 0.5 [40] f (r) − gravity 0.5 [44] Bardeen − AdS 0.5366 [49] We also obtain the pressure P as a function of P (M, r + )
and the temperature T as a function of T (M, r + )
The Joule-Thomson coefficient is
and the minimum inversion temperature T min
We also plot the isenthalpic curves and the inversion curves of this black hole in the fivedimensional case, as shown in Figs.(3) and (4) . At the same time, we find that the isenthalpic curves and the inversion curves are similar to the four-dimensional cases.
However, we find that T i Tc is different. Based on this consider, we investigate this ratio in higher dimensions. Therefore, we plot the inversion curves and the isenthalpic curves of this black hole in six and seven dimensions, and the ratio between the minimum inversion temperature and the critical temperature is obtained. The equation of state is 
The Joule-Thomson coefficient is 
We plot the isenthalpic curves and the inversion curves in the T − P plane, as shown The charge q=1, 2, 3, 4, the parameter η = 1. (5) and (6) . The radio of the minimum inversion temperature and the critical temperature is
In this section, we discuss the Joule-Thomson expansion in high dimensions and get the ratio of between the minimum inversion and the critical temperature, the inversion curves, the isenthalpic curves, and found that the physical characteristics are similar to those of low-dimensional cases.
IV. CONCLUSIONS
In this paper, we have investiagted Joule-Thomson expansion of a specific black hole in f (R) gravity coupled with Yang-Mills field in different dimensions. The Joule-Thomson expansion is a phenomenon of temperature change when gas expands irreversibly from high pressure to low pressure through porous plugs or valves. f (R) gravity is an important correction of Einstein gravity, and the Yang-Mills field is one of the interesting non-abelian gauge theory.
Firstly, we reviewed the thermodynamic properties of a specific black hole in f (R) gravity coupled with Yang-Mills field, and given the equation of state, the first law of thermodynamics and the Smarr relation. Then, we investigated the Joule-Thomson expansion of this black hole in different dimensions, and mainly discussed the inversion curves, the isenthalpic curves and the inversion temperature. Because the enthalpy remains constant in the Joule-Thomson expansion process. The mass can be interpreted as enthalpy in the extended phase space. Therefore, we can describe the isenthalpic curves by determining the mass of the black hole. When d = 4, the isenthalpic curves of a given pressure increases with the increase of M, and the isenthalpic curves of a given mass decrease with the increase of q.
In particular, the temperature change reverses at the highest point. We got the inversion curves by Joule-Thomson expansion, and according to the positive and negative of the Joule-Thomson coefficient µ, we can known that above the inversion curve is the cooling region of the black hole and on the other side is the heating region. The inversion curve receives the joint influence of the charge q and the parameter η, which the inversion curves increases gradually with the increase of q, but the effect of parameter η is quite different from that of q, the inversion curves decreases gradually with the increase of η.
On the other hand, we found that the radio of the minimum inversion temperature and the critical temperature of this black hole is smaller than the van der Waals system, and compared with RN-AdS black hole, regular(Bardeen)-AdS black hole and the charge of black hole in f (R) gravity, this ratio is smaller, so we consider this is due to the couple of the Yang-Mills field. Finally, we investigated the inversion curves and the isenthalpic curves of d= 5, 6, 7 dimensions in order to obtaind the effect of dimension on this process, and also obtained the radio of the minimum inversion temperature and the critical temperature. We found that the ratio decreases gradually with the increase of dimensions, and the parameter η has no effect on this ratio.
V. ACKNOWLEDGEMENTS
